X-ray variability of accreting black hole binaries is believed to be produced by the fluctuations propagating towards the compact object. Observations suggest the light curves in different energy bands are connected, but the fluctuations at harder energies are delayed with respect to the softer ones. The standard interpretation involves dependence of the X-ray spectral hardness on the radial distance, with harder spectra emitted closer to the black hole. Recently, a number of challenges to this scenario have been found, both at qualitative and quantitative level. The model does not predict the large magnitude of the delay between different energies, as well as the dependence of variability amplitude on the spectral range and frequency. We study timing properties of accreting black hole X-ray binaries taking into account peculiarities of spectral formation in these sources. We show that the simultaneous presence of two components leads to a complex shape of power spectra and phase lags between the X-ray bands: the amplitude of the phase lag becomes independent of the delay between the components, and the power spectra show an artificial decrease or, on the contrary, enhancement of power at low Fourier frequencies. This provides an essential ingredient for the reinstatement of the propagating fluctuations model. The work draws attention to the importance of considering conditions of spectral formation when studying timing properties.
INTRODUCTION
The majority of accreting black hole binaries are transients. They undergo outbursts lasting weeks to months, and then reside in quiescence for years to decades. During the outbursts the objects demonstrate evolution of the X-ray spectra from hard (when maximum energy is emitted in the hard X-rays) to soft (with the peak energy around 1 keV) and then back to the hard state, in addition to the changing X-ray luminosity (Remillard & McClintock 2006) . The transitions between the hard and soft states proceeds through the so-called hard-intermediate and softintermediate states, identified most easily by the timing properties (Belloni & Motta 2016) .
There is an overall consensus on geometry and spectral formation in the soft state: emission above ∼3 keV is mostly produced by Compton up-scattering off the electrons in the hot corona (Poutanen & Coppi 1998; Gierliński et al. 1999a) ⋆ E-mail: alexandra.veledina@gmail.com atop of the standard cold accretion disc (Shakura & Sunyaev 1973; Novikov & Thorne 1973) . The Comptonization is fed in this case by the soft X-ray emission of the underlying accretion disc. Less is certain about the hard state, and there have been debates on whether the cold disc goes all the way down to the innermost stable circular orbit or is truncated at some radius (Zdziarski & Gierliński 2004; Done et al. 2007 ). The related question concerns the source of seed photons in this state, whether those are provided by the cold disc (Poutanen et al. 1997) or by the synchrotron emission from the hot accretion flow itself (Esin et al. 1997; . The scenario where the disc is providing the seed photons suffers substantial difficulties in reproducing the stable spectral shape and electron temperature, as well as in terms of multiwavelength behaviour (Poutanen et al. 2018) . On the other hand, all of them naturally appear in the scenario with synchrotron Comptonization Malzac & Belmont 2009; Veledina et al. 2013; .
If the synchrotron mechanism is the major source of c 0000 The Authors seed photons in the hard state and the cold disc is the dominant source in the soft state, there has to be a transitional region where they switch. If the switch occurs, it is natural to expect it to happen during the intermediate states.
Interestingly, spectral modelling suggests it is sometimes not possible to fit the data using one Comptonization continuum, and multiple (at least, two) continua are required (Ibragimov et al. 2005; Shidatsu et al. 2011; Yamada et al. 2013; Axelsson & Done 2018) . These two continua can be produced by the two sources of seed photons, one coming from the accretion disc, and the other coming from synchrotron radiation.
Recently, a critical luminosity at which the two sources switch was identified in the source SWIFT J1753.5-0127 (Kajava et al. 2016) . As the source declines towards the quiescence, both Comptonization and disc luminosities decrease, and the spectral hardness has to evolve according to the amount of seed photons. Yet, the substantial decrease of the disc luminosity was not followed by the corresponding hardening of the spectrum in the source, as if the Comptonization continuum contains much more seed photons than the disc itself. For the photon-starved Comptonization this situation is impossible, hence there has to exist an additional source of seed photons. Similar arguments, but from the point of view of accretion rates through the disc and through the corona, came to the same conclusion (Chiang et al. 2010) .
Contradictions in understanding of spectral formation in X-ray binaries complicate the understanding of the nature of variability in these objects. The short-term timing properties of accreting X-ray binaries have been investigated from the early 1970s (Terrell 1972) and revealed the power spectra in the hard state can be described by a double broken power-law with f 0 (f is the Fourier frequency) below ∼ 10 −1 Hz, f −1 distribution in the range ∼ 10 −1 − 10 Hz and a steeper slope, roughly f −2 , at higher frequencies (Belloni & Hasinger 1990) . The wide range of frequencies demonstrated by these sources was not in line with the understanding that the X-rays are emitted predominantly from the vicinity of compact objects. It was realised that the fluctuations are not excited in the same place where they are transformed to the X-ray photons, but rather they travel from the far regions inwards. The propagating fluctuations model was proposed, whose essence is that the mass accretion rate fluctuations are excited in the disc at certain characteristic frequencies, and then they propagate towards the compact object, where the fluctuations at higher frequencies are excited (Lyubarskii 1997) .
A major breakthrough in the field was made with the launch of the Rossi X-ray Timing Explorer (RXTE), when the systematic study of the evolution of timing properties throughout the outburst became possible. Discovery of time lags between different X-ray energy bands (Miyamoto & Kitamoto 1989; Nowak et al. 1999; Kotov et al. 2001 ) and the linear relation between the root mean square (rms) variability amplitude and the X-ray flux (Uttley & McHardy 2001) allowed further establishment of the propagating fluctuations model. In addition to the aperiodic variability, the RXTE capabilities allowed ubiquitous identification of the narrow features, the lowfrequency quasi-periodic oscillations, in the hard and intermediate state power spectra. Their frequency was found to evolve, in a correlated way, with the low-frequency break of the power-law component (Wijnands & van der Klis 1999; Psaltis et al. 1999) . The correlated changes were attributed to the change of the geometry during the state transition, when the standard accretion disc inner radius decreases as the source moves towards the soft state.
The exciting capabilities of the X-ray space observatory XMM−Newton allowed to explore spectral and timing properties in the energy range 0.1−2 keV. Interconnection of soft (below ∼1 keV) and hard bands posed number of questions to the proposed picture of the "stable disc and unstable corona" (proposed in Churazov et al. 2001) , suggesting substantial short-term variability in the soft X-ray band, where the cold disc is thought to be dominant (e.g., Wilkinson & Uttley 2009; Uttley et al. 2011; Cassatella et al. 2012) . Lately, the model of propagating fluctuations was challenged by the analysis of the joint timing characteristics of soft and hard X-ray bands. The longterm variability in the soft band was often seen to dominate over the variability in the hard band (Wilkinson & Uttley 2009; Uttley et al. 2011; Rapisarda et al. 2017b) . Moreover, the soft band was sometimes found to lack power at low frequencies, as compared to the hard band (Rapisarda et al. 2017a ). This is counter-intuitive to the predictions of the propagation model, according to which the power spectra should be similar at low frequencies, and may differ at high frequencies, which in turn originate from the innermost region and are expected to be present only in the hard component.
The problems seem to occur during the intermediate states, when the spectra may be composed of two Comptonization continua. It was found that the linear rmsflux relation no longer holds (Muñoz-Darias et al. 2011) . The shapes of the X-ray power spectra during the intermediate states are also peculiar. A number of works quote presence of multiple peaks, as opposed to the simple f −1 power-law (Nowak et al. 1999; Revnivtsev et al. 2000; Homan et al. 2001; Belloni et al. 2002 Belloni et al. , 2006 . These peaks can be produced by the interference of the two X-ray continua (Veledina 2016) , or by the propagating outwards fluctuations (Mushtukov et al. 2018) , or be the result of an enhanced variability at certain radii in the flow, for instance, in the transitional region between the cold disc and hot flow or at hot flow inner boundary (Vikhlinin et al. 1994; Fragile 2009; Ingram & Done 2012) . A promising prospect for understanding of processes in X-ray binaries is the joint analysis of the spectral and timing characteristics. Several techniques have been applied, including reverberation modelling (Poutanen 2002; De Marco et al. 2015; De Marco & Ponti 2016) , frequency resolved spectroscopy (Revnivtsev et al. 1999; Gilfanov et al. 2000; Axelsson et al. 2014) , phase spectroscopy of the quasi-periodic oscillations (Stevens & Uttley 2016) , principal component analysis (Del Santo et al. 2008) and the joint fitting of time-averaged and Fourier-resolved spectra (Mahmoud & Done 2018a,b) . Most of the studies rely on the assumption of the coherent fluctuations in different bands, which can essentially be reduced to the variability of a normalization of the pre-assumed or fitted components. Analysis of variability involving changes of spectral shape is currently the most challenging. Lately, nonlinear effects have been incorporated into the reverberation In all four panels we assume the disc Comptonization luminosity increases as the mass transfer rate increases. Cases 1 and 2 consider enhanced emission in hard X-rays in response to the increased mass accretion rate, while cases 3 and 4 consider the hard X-ray emission is decreased. Cases 1 and 4 consider the regime when the pivoting point does not belong to the X-ray range, and cases 2 and 3 consider the pivoting point between the soft and hard energy bands.
modelling (Mastroserio et al. 2018) , studies of the long-term spectral evolution (Koljonen 2015) and in multiwavelength modelling (Malzac 2014) . In this work, we investigate timing properties of the light curves containing two spectral components. We incorporate non-linear effects into the short-term timing modelling in the context of propagating fluctuations. In particular, the analysis includes the cases of pivoting power-law. We study joint characteristics of the hard and soft X-ray band, such as cross-spectra, cross-correlation functions and phase lags. We make predictions for the evolution of these characteristics in the course of the outburst and show that the presence of two components can resolve the challenges to the model of propagating fluctuations. The results reiterate the importance of understanding the conditions of spectral formation and their evolution in explaining timing properties.
PHYSICAL PICTURE
We develop a mathematical model for joint timing characteristics of two energy bands. The model can be applied to any data with two spectral components in the light curves. Though no crucial mathematical assumptions on the spectral components are made, the parameters acquire meaning only in the context of the physical scenario. We consider the scenario of the truncated cold disc and the hot accretion flow within its inner boundaries (Poutanen et al. 1997; Esin et al. 1997) . The hot accretion flow corresponds to some type of radiatively inefficient solution (Kato et al. 2008; Yuan & Narayan 2014) , which radiates in the X-rays via proceeding Comptonization processes. The seed photons are coming both from the cold disc and the self-generated synchrotron emission .
We assume that the mass accretion rate fluctuations can be excited in the cold disc and/or in the hot flow and then propagate towards the compact object (Lyubarskii 1997; Churazov et al. 2001; Arévalo & Uttley 2006; Ingram & van der Klis 2013) . The accretion rate fluctuations lead to variations of the seed photon flux in the cold disc, of the liberated energy and of the particle number density in the hot accretion flow. These variations lead to changes of the X-ray flux: first time, through the disc Comptonization in the region close to the disc truncation radius, and second time, through the synchrotron Comptonization in the region close to the black hole (within about 30 − 50 Schwarzschild radii). Schematic geometry and an example of an average spectrum 1 are shown in Fig. 1 . Table 1 .
The two X-ray continua may possess different hardness. The X-ray variations arising from synchrotron Comptonization are delayed, with respect to the variations mediated through disc Comptonization, by the time it takes fluctuations to propagate from the truncation radius to the zone where synchrotron is emitted, which is of the order of viscous timescale in the hot accretion flow. The detected X-ray light curve contains variations of these two sources, one is delayed with respect to another. This leads to the interference picture in the X-ray power spectra (Veledina 2016) .
Let us consider the region where the disc photons are effectively Compton up-scattered. The geometry in this case resembles the well-known slab corona model (Haardt & Maraschi 1993) , which is known to give soft spectra (Stern et al. 1995; Poutanen et al. 2018) . For high seed photon flux, the electrons are rapidly cooled, and for the coronal Thomson optical depth ∼1 attain temperatures below 50 keV. The spectrum achieves photon index Γ ∼ 2.4, hence the contribution of this component is large in the soft X-rays and is negligible in the hard X-rays. On the contrary, the synchrotron Comptonization spectrum is typically hard Veledina et al. 2013) , with photon index Γ ∼ 1.7. We then expect negligible to no contribution of the disc Comptonization component in the hard X-rays, and simultaneous presence of two components in the soft X-rays. The light curves properties then depend on the considered spectral energy range.
On the other hand, the hot plasma atop of the cold accretion disc may contain substantial fraction of non-thermal particles. The non-thermal population may arise from the proceeding particle acceleration, e.g., in the reconnection events of the buoyant magnetic loops (Sironi & Spitkovsky 2014; Beloborodov 2017) . In this case, in addition to the soft thermal continuum, there is a non-thermal Comptonization continuum, which can be flat and extend up to MeV energies (similar to the soft-state spectrum of Cyg X-1, Poutanen & Coppi 1998; Gierliński et al. 1999b; Malzac & Belmont 2009) . In this case, there are two components in both hard and soft bands.
TWO COMPONENTS ONLY IN THE SOFT BAND
We start with the simplest case assuming that the disc Comptonization is mostly thermal and soft, and gives significant contribution only to the soft band. The hard band is then produced solely by synchrotron Comptonization, while soft band consists of two components. Though this is a special case of the more general scenario with two components in both soft and hard band, it is more intuitive and thus deserves a separate consideration. Table 1 .
Mathematical formulation
We assume that the light curves produced by both synchrotron and disc Comptonization are directly proportional to the mass accretion rateṁ(t) (see case 1 in Fig. 2 ). The hard-band light curve is described as h(t) =ṁ(t).
(1)
Its power spectrum is
Hereafter, we use capital letters to denote the Fourier transforms of the corresponding quantities in the time domain. The soft component consists of two continua: one coming from the disc Comptonization and the other coming from the synchrotron Comptonization, both are proportional to the mass accretion rate, but the synchrotron Comptonization component is delayed with respect to the disc Comptonization component
Here, the first term corresponds to disc Comptonization and the second term corresponds to synchrotron Comptonization. The ratio of two components in the soft band is regulated by the parameter ε ds and t0 is the relative delay. The ratio ε ds has the meaning of the disc Comptonization to synchrotron Comptonization ratio of the absolute root mean squire variability amplitudes. It can be thought of as the ratio of areas between the upper and lower lines (at corresponding band) in Fig. 2 . Function g(t) is the low-pass filter, it is responsible for damping of the high-frequency fluctuations in the disc Comptonization. Its Fourier transform is considered in the form
where f filt gives the characteristic damping frequency. We consider joint characteristics of the soft and hard components: power spectra, cross-spectral amplitudes and phase lags and cross-correlation function. The power spectra of soft Ps(f ) and hard P h (f ) components are related as (see also Veledina 2016)
For ε ds > 0, the power spectrum of the soft component demonstrates oscillations with peaks appearing at frequencies f = k/t0 (where k is an integer number), and the power is significantly reduced around frequencies f = (k − 1/2)/t0. The cross-spectral density can be calculated as
The cross-amplitudes are related to power spectra as Table 1 .
Hence, the cross-spectral density is expected to show peaks similar to the power spectrum of the soft component.
The phase lag spectrum ∆ϕ(f ) can be found from relation
The phase lags are defined so that positive values correspond to lags of the hard component. Similar to the power spectrum and cross-spectrum, the phase lags demonstrate oscillatory behaviour, with the peaks appearing at frequencies
for ε ds < 1 and G(f ) = 1. In contrast to the power spectra, the position of the phase lags peaks depends on the ratio ε ds .
The maximum/minimum value of the phase lag are defined as
For values ε ds ≥ 1, the phase lags are monotonic functions of frequency. We determine the phase lags in the range [−π; π) , and frequencies at which ∆ϕ = π is achieved depend on the delay as f = (k − 1/2)/t0.
No simple analytical expression describing the shape of the cross-correlation function can be found in a general case. For the case of no filtering, the resulting CCF consists of a sum of two auto-correlation functions of mass accretion rate, 
The CCFs are expected to demonstrate a double-peak structure due to presence of two terms in the soft component. Two peaks, however, can be wide enough to overlap, and a skewed single-peak CCFs in expected in this case. 
Examples
The dependence of the power and cross-spectra and phase lags on model parameters can be traced using the analytical expressions in Eqs. (5), (7) and (8). We use results of numerical simulations to demonstrate the CCFs for different parameters. We compute the light curves in different bands from their power spectral densities (PSDs). We start with the determination of the mass accretion rate power spectrum. For an illustration, we assume it to be in the form of a zerocentred Lorentzian function
where r gives the total rms and ∆f is the width. We consider ∆f = 0.5 Hz (this peak frequency is within the range of frequencies the observed variability peaks at) and leave r as free parameter. Once the shape of the hard X-ray power spectrum is fixed, three parameters are left: t0, ε ds and f filt .
The fiducial values are chosen as t0 = 1 s, ε ds = 0.5, f filt → ∞. We study how the timing characteristics change under the variations of these three parameters. The resulting CCFs (panels a), PSDs (panels b), phase lags (panels c) and crossspectral amplitudes (panels d) are shown in Figs 3-5 and the parameters are listed in Table 1 . The increase of the time delay t0 (Fig. 3 ) is reflected in a more pronounced two-peak structure of the CCF. For the delays comparable to the width of the accretion rate ACF, the CCF is one-peak and asymmetric. The power spectrum of the soft component, cross-spectrum and phase lag spectrum demonstrate more peaks as t0 increases. The position of the first peak increases with increasing delay in the phase lags, but at the same time it decreases in the power-and cross-spectra. We note an artificial broadening of the overall soft-band PSD (with two spectral components), as compared to the hard band (with one spectral component). The highest power, in general, does not correspond to the peak of the original Lorentzian.
The change of the disc to synchrotron Comptonization ratio ε ds leads to redistribution of the peak amplitudes in the CCF (see Fig. 4 ). The oscillations are most pronounced in the power spectra for ε ds = 1. The power and cross-spectra are identical for ε ds and 1/ε ds , however, the phase lags are not. The peaks in phase lags become narrower as ε ds approaches unity and in the data will likely be smeared out by the averaging with neighbouring frequencies and by variations of parameters. For values ε ds ≥ 1, the phase lag spectra are increasing function of frequency (see vertical lines in Fig. 4c marking the frequencies where ∆ϕ = π).
In Fig. 5 we demonstrate the dependence on damping frequency, which is rather straightforward. The smaller is the frequency f filt , the more smeared the CCF is, and for sufficiently low frequency it loses the secondary peak (around time lag 1 s in Fig. 5a ). The power and cross-spectra and the phase lags demonstrate less peaks, as at frequencies f > f filt only one component dominates, and hence no interference appears. Figure 7 . Comparison of the timing characteristics for the cases illustrated in Fig. 2 : correlation of both synchrotron and disc Comptonization withṁ(t) with fiducial parameters (case 1, black solid line), correlation of the hard-band synchrotron Comptonization component and anti-correlation of the soft band withṁ(t) (case 2, green dotted line), correlation of synchrotron Comptonization soft X-rays and anti-correlation of hard X-rays withṁ(t) (case 3, red dashed line) and anti-correlation of both hard and soft X-rays withṁ(t) (case 4, blue dot-dashed line).
Pivoting points and alteration of timing characteristics
The consideration above concerns the case when variations in mass accretion rate cause variations in Comptonization spectrum of disc and synchrotron photons of the same sign. The situation can be realised if, e.g. the increase of accretion rate leads to higher energy dissipation per particle, leading to harder spectra and higher luminosity. However, in the case when the amount of seed photons in turn depends on the accretion rate, the increase of the latter might result in spectral softening at higher X-ray luminosity. The "harder when brighter" is naturally realised in the case of synchrotron Comptonization spectra (e.g., fig. 1 of Veledina et al. 2011b ), while the "softer when brighter" behaviour is expected in the case of disc Comptonization. Both of these patterns were detected in the short-term X-ray variations (Malzac et al. 2003; Gandhi et al. 2008) , as well as on the long timescales (Zdziarski et al. 2002) . The location of the pivoting point in synchrotron Comptonization spectrum depends on the parameter which causes major changes of spectral shape (optical depth, magnetic field etc., see fig. 1 of ). However, because of the absence of understanding of how the changes in mass transfer rate are reflected in the changes of system parameters, there are numerous options of how the spectra react to the increasedṁ(t). Likewise, there is no unique solution for the disc Comptonization spectra and their pivoting points. Below we consider alternative possibilities for the behaviour of hard and soft light curves in response to the fluctuatinġ m(t).
We first investigate how the timing characteristics change if we change the sign of ε ds . This describes the case when the increase of mass accretion rate leads to a decrease of the disc Comptonization component in the soft X-rays (e.g., due to an excess cooling of the Comptonizing medium), but at the same time causes an increase of the synchrotron Comptonization in both energy bands. The resulting timing characteristics are plotted in Fig. 6 . The CCF shows the zig zag shape, similar to those obtained for anti-correlated optical synchrotron and Compton up-scattered X-ray emission (Veledina et al. 2011b ). The power and cross-spectra demonstrate the change of dips into peaks and peaks into dips. We also note a decrease of power at lower frequencies, at which fluctuations from disc and synchrotron Comptonization come in anti-phase and partially cancel each other. The phase lag spectrum also demonstrates transformation of dips into peaks, however, the peaks for the case of anti-correlation do not exactly match the dips of the correlation case. The Table 2 and the normalisations of PSDs are arbitrary. maxima and minima now appear at
for −1 < ε ds < 0.
We proceed with the case when the mass accretion rate variations lead to a decrease of the synchrotron Comptonization in both hard and soft X-rays, while the disc Comptonization is increased (see case 4 in Fig. 2 ). This may happen if the increase of accretion rate causes substantial increase of the synchrotron photons, which lead to higher cooling and softer spectra. The light curves are then described as
and the signs in phase lags change accordingly. The resulting CCF, phase lags, PSDs and cross-spectra are shown in Fig. 7 with blue dot-dashed lines. The parameters and corresponding signs for hard and soft bands of the synchrotron Comptonization component are listed in Table 1 . The phase lags, power-and cross spectra are the same as in case of positive correlation of synchrotron Comptonization with accretion rate in both bands, but when using ε ds < 0 (see Fig. 6 ). We further consider the cases when the synchrotron Comptonization continuum pivoting point is located in the X-ray range, somewhere between the soft and hard X-rays (see cases 2 and 3 in Fig. 2 ). The light curves can then be written as
The resulting timing characteristics are plotted in Fig. 7 with green dotted (case 2) and red dashed (case 3) lines. The phase lags are located near the ±π points, but otherwise their dependence on frequency resembles that for the case 1 (correlation of both hard-and soft-band synchrotron Comptonization light curves with mass accretion rate), with ε ds < 0 (case 2) and ε ds > 0 (case 3). The shapes of PSDs and cross-spectra are the same as those in Fig. 6 : green line overlaps with the blue lines, and the red lines overlap with the black lines.
Changes of timing properties during the transition
During the state transition, all the parameters ε ds , t0, f filt , as well as the shape of the mass accretion rate fluctuations power spectrum experience coordinated changes. At the hard to soft transition, the low-frequency break of the mass accretion rate fluctuations power spectrum should increase if the fluctuations are produced in the shrinking hot accretion flow. This causes the increase of the low-frequency break in the hard band power spectrum reported in a number of sources (e.g., review Done et al. 2007 ). In the soft band, we expect the role of disc Comptonization determined by ε ds and the damping frequency f filt to increase and the delay between the components t0 to decrease. We consider the initial power spectrum in the hard band to be composed of two zero-centred Lorentzians, ∆f1 = 0.5 Hz and ∆f2 = 3.1 Hz, with equal power (see upper solid line in Fig. 8a ). The characteristic widths determine the frequencies at which maximum variability power is concentrated, likely corresponding to characteristic viscous frequencies 2 in the accretion flow (for simplicity, we consider only the fluctuations produced in the hot flow). The power spectral shape resembles the double-broken power law. We simulate the transition by simultaneously changing the parameters t0, ε ds , f filt and ∆f1 (see Table 2 ), governed by the decrease of truncation radius. The parameters depend on the truncation radius as follows. The propagation time is of the order of viscous timescale, hence t0 ∝ R −3/2 (assuming constant aspect ratio and viscosity). The low-frequency Lorentzian width and the damping frequency are related to the timescales at the truncation radius, i.e. f filt ∝ R 3/2 and ∆f1 ∝ R 3/2 . The dependence of the ratio of the synchrotron and disc Comptonization on truncation radius is not straight forward, however, it is clear that the ratio should increase with decreasing truncation radius. We choose ε ds ∝ R −3/2 as an illustration and do not account for possible changes of sign of ε ds at the transition.
We show one case of evolution of timing properties during the state transition as an illustration and leave the detailed fitting of the data to a future work. We find that the interference pattern is not very prominent in the power spectra, as for high t0, when the oscillations are apparent at low frequencies, we expect low damping frequency. As the damping frequency increases, the delay decreases, shifting the frequency of the first peak towards higher f . The phase lags in the range 0.1−1 Hz first increase, and then decrease at the later stages of transition for the same reason (Fig. 8b) . Thus, the average over the frequency domain phase lag does not necessarily have to be a monotonic function of the truncation radius. We note that in contrast to the monotonic increase of the low-frequency break in the hard band, the position of the break in the soft band is not directly connected to the width of the low-frequency Lorentzian ∆f1.
TWO COMPONENTS IN THE HARD AND IN THE SOFT BANDS
In this section, we develop the formalism for the more general case when both disc and synchrotron Comptonization components significantly contribute to the soft and hard bands. In this case, we expect an interference picture in the power spectra of both energy ranges, but in addition, the cross spectra and the phase lags are more complex.
Mathematical model
We begin with the case when both hard and soft synchrotron Comptonization light curves are positively correlated with the mass accretion rate (case 1 in Fig. 2) The total hard and soft band light curves can be described as
where the relative importance of the two continua are denoted as εs and ε h in the soft and in the hard band, respectively. The cross-spectral amplitudes are given by
where Pṁ(f ) is the power spectrum of mass accretion rate fluctuations. The phase lags can be calculated as
which reduces to Eq. (8) for ε h = 0. Interestingly, the sign of the phase lags at low frequencies depends on the sign of (εs − ε h ), and it can be positive even if both coefficients are negative.
There is a special case when εs = ε h , which gives zero phase lags between two energy bands, even though one of the components is delayed with respect to another. For the cases when the phase lags do not reach ±π (or, equivalently, when the derivative of the phase lag turns zero at some frequencies), their maxima/minima occur at frequencies (we put G(f ) = 1)
When |εs| < 1 and |ε h | < 1, the maximal/minimal value of the phase lag is
When both |εs| > 1 and |ε h | > 1, the minima and maxima are the same as for the case with 1/εs and 1/ε h , given that the denominator of Eq. (21) is positive. If the denominator is negative, the phase lags oscillate around π with an amplitude ∆ϕmax,min. For the cases when the phase lags are increasing/decreasing function of frequency (the derivative does not turn zero), the frequencies at which ∆ϕ reaches π, are f = (k − 1/2)/t0 for (εs − ε h ) > 0, and f = k/t0 for (εs − ε h ) < 0. The latter can be deduced by analysing the signs of the numerator and denominator in Eq. (21).
There are four alternatives for the signs of εs and ε h , each alternative is further divided into cases with ratios larger or smaller than unity and whether ε h is larger or smaller than εs. As an illustration, we consider the case with single zero-centred Lorentzian ∆f = 0.5 Hz, t0 = 0.5 s, f filt = 5 Hz and vary values of εs and ε h . The resulting phase lags, power and cross-spectra are shown in Figs 9-12.
In the frequency range without damping (where G(f ) = 1), the switch of εs and ε h into 1/εs and 1/ε h , respectively, leads to the same power spectra, while the behaviour of the phase lags is more complex (compare the same lines in Figs 9 and 10). Namely, the phase lags change sign, ∆ϕ → −∆ϕ, if εsε h > 0 (see solid and dot-dashed lines in Figs 9 and 10), while for εsε h < 0, the switch ∆ϕ → π − ∆ϕ occurs (dotted and dashed lines in Figs 9 and 10) .
As the damping factor G(f ) becomes more important, the role of the first (damped) term decreases, and the phase lags tend to zero at high frequencies. There is a region, between 4−8 Hz in Fig. 10 , where εsG(f ) < 1, but ε h G(f ) > 1, for which the lags are monotonic functions of frequency (see below), however, as soon as the term ε h G(f ) becomes smaller than unity, the oscillations of phase lags become the same as those in Fig. 9 . The power spectra in Fig. 10 at high frequencies have substantially less power than those in Fig. 9 . This is related to the relative contributions of the components, as for εs > 1 (ε h > 1), the component giving dominant contribution is damped at high frequencies, while Figure 9 . Power and cross-spectra (a) and phase lags (b) for the model with two components in both soft and hard X-rays demonstrating dependence on the signs of εs and ε h . The upper (blue) curves in panel (a) correspond to the hard band, the (red) curves in the middle correspond to the soft band and the lower (black) curves correspond to the cross-spectra. Parameters are listed in Table 3. for εs < 1 (ε h < 1) the damped component is only a small fraction of the undamped component.
If one of the ratios is larger than unity and the other is smaller than unity, the phase lags do not show oscillatory behaviour and instead demonstrate monotonic dependence on frequency (see Figs 11 and 12) . Similar to the previous cases, the switch of ε h → 1/ε h and εs → 1/εs leads to a change ∆ϕ → −∆ϕ for the case of εsε h > 0 (solid and dot-dashed lines in Figs 11 and 12) , while the switch ∆ϕ → π − ∆ϕ occurs for εsε h < 0 (dotted and dashed lines in Figs 11 and  12 ). The changes in ∆ϕ are caused by the changes of signs of real and imaginary part of the cross spectra (denominator and numerator of Eq. 21), which determine the quadrants the phase lags oscillate between.
We proceed to the cases when the soft and/or hard X-ray synchrotron Comptonization light curves are anticorrelated with the mass accretion rate (cases 2-4 in Fig. 2) . It can be shown that all these cases can be embedded into the developed formalism as follows. The timing characteristics (PSDs, cross-spectra and phase lags) for the case 2, when only soft-band synchrotron Comptonization is anticorrelated withṁ(t), can be found by substituting εs → −εs into Eqs (20) and (21) and replacing the computed ∆ϕ → ∆ϕ ± π, where the choice of sign ±π in our formulation is Table 3 . Table 3 .
determined in such a way that the phase lags at lowest frequencies belong to the interval [−π; π). For the case 3, when only hard-band synchrotron Comptonization light curve is anti-correlated withṁ(t), we need to replace ε h → −ε h and again use ∆ϕ → ∆ϕ ± π. For the case 4, when both of synchrotron Comptonization light curves are anti-correlated withṁ(t), we put ε h → −ε h and εs → −εs to find the timing properties.
APPLICATION TO BLACK HOLE BINARIES IN THE INTERMEDIATE STATE
The propagating fluctuations model quantitatively explains the power spectra and the phase lags in the soft and in the hard state of Cyg X-1 (Rapisarda et al. 2017b ), but experiences qualitative problems in predicting the observed characteristics during the intermediate state. Moreover, the hardstate and intermediate-state data of XTE J1550-564 are not well explained in the model of propagating fluctuations either (Rapisarda et al. 2017a) . We suggest the discrepancy is due to the presence of (at least) two distinct components in the Comptonization continuum. The formalism developed in this work can be applied to the intermediate states of black hole X-ray binaries, when the X-ray spectrum can be composed of two components. Both components carry the signatures of propagating fluctuations, however, due to the complex interconnection of the X-ray continua, the resulting power spectra and joint charac- Table 3 .
teristics between the soft and hard bands deviate from the simple predictions of the propagating fluctuations model. The cross-spectral amplitudes and phase lags can be obtained from Eqs. (20) and (21), and the power spectrafrom Eq. (5).
XTE J1550−564
Let us consider the specific case of the intermediate state of XTE J1550−564 studied in Rapisarda et al. (2017a) , RXTE observation ID 30199-06-07-00. The authors find that the soft band (1.9 − 13 keV) power spectrum lacks power at low frequencies, as compared to the hard band (13.4−20.3 keV), while the high-frequency part is the same for both bands. In addition, the phase lags increase at low frequencies, reaching ∆ϕ/2π ≈ 0.04, and then decrease to zero for frequencies f ≥ 1 Hz. Both bands may contain soft power-law (disc Comptonization) continuum, hard power-law (synchrotron Comptonization) continuum, as well as reflection from the cold disc. The soft band may additionally contain contribution from the cold accretion disc itself. We consider only possible contribution from the two Comptonization continua and use the developed formalism for the joint characteristics of the light curves in these bands.
We assume the power spectrum of the mass accretion rate fluctuations is a sum of two zero-centred Lorentzians with widths ∆f1 = 0.5 Hz and ∆f2 = 3 Hz and the squire of their rms ratio r Figure 13 . Example of model characteristics in application to the data on XTE J1550−564. The observed phase lags, power and cross-spectra are the same as shown in fig. 6 of Rapisarda et al. (2017a) , normalised according to Miyamoto & Kitamoto (1989) . (a) Cross-correlation function; (b) the hard-band (blue solid line and upper data points) and soft-band (red dashed line and data points in the middle) power spectra, and cross-spectrum (black dotted line and data points in the bottom), shifted down by a factor of 10 for clarity; (c) the phase lag spectrum. The model parameters are listed in Table 4. fluctuations, its shape mimics the power-law ∝ f −1 in the frequency range 0.5 − 5 Hz, similar to the observed one. The normalisation of the power spectra depend on the relative variability amplitude, and for the soft band it is expected to be smaller than for the hard band, due to the presence of the stable cold accretion disc component. In the proposed model, the normalisation is a free parameter. The resulting cross-correlation function, cross-and power spectra and phase lags are shown in Fig. 13 and the parameters are listed in Table 4 . We note that due to oversimplification of the underlying power spectrum, we only show qualitative agreement between the model and the data and do not aim to achieve the quantitative fit. We also do not include the quasi-periodic oscillation. Table 4 and data are the same as in fig. 4 of Rapisarda et al. (2017b) . The reduction of power at low frequencies is due to the partial cancellation of the variability, because fluctuations of the two X-ray components come out of phase. Because the ratio of components in the soft band εs is closer to (minus) unity than ε h , the reduction of power is more pronounced in the soft band than in the hard band. The filtering frequency can be found from the characteristic frequency at which the phase lags approach zero. Because f filt is low, there is prac-tically no interference picture seen in the power and cross spectra.
The maximal amplitude of the phase lags depends on the ratio of synchrotron and disc Comptonization continua according to Eq. (23), and for the chosen εs and ε h reaches the required ∆ϕ = 0.04 cycles. The frequency at which the maximum is reached can be obtained from Eq. (22) and mostly depends on the delay. The obtained delay t0 = 0.35 s is similar to the characteristic viscous timescales found in other objects with multiple humps in the power spectra (Veledina 2016) .
We note that the assumption of two components in both energy bands is essential for the considered observation. In order to have the suppression of power at lower frequencies, as observed in the soft band, one needs to have an anticorrelation of two components. In this case, the model of two continua only in the soft ban predicts negative phase lags at low frequencies (see Fig. 6 ), contrary to the observed phase lags. Hence, the simpler model cannot explain the observed characteristics.
Cyg X-1
Another example of model application is the power spectra of Cyg X-1, RXTE observation ID 10412-01-07-00. Multiple humps in power spectra, appearing at different frequencies in soft and hard bands, as well as the large value of the phase lag (achieving 0.1 cycles) resulted in an unacceptable fit with the propagating fluctuations model Rapisarda et al. (2017b) . In Fig. 14 we show the power spectra, cross-spectra (shifted down by a factor of 10 for clarity) and phase lags which are similar to the observed ones in this object, along with the expected CCF. We list the parameters in Table 4 .
As compared to the case of XTE J1550−564, the delay is substantially smaller, while the damping frequency f filt is substantially higher. These trends are consistent with the expectation of the truncated disc scenario: for higher truncation radius, the delay is expected to be longer, while the damping frequency is smaller. With the decrease of truncation radius, one would expect the increase of the disc to synchrotron Comptonization ratio (εs and ε h ), however, we find their values for Cyg X-1 to be lower than for XTE J1550-564. This discrepancy might be explained by the difference in spectral formation in these two sources. Alternatively, this might be due to the physical drop of the absolute variability amplitude of the disc Comptonization component (or, equivalently, the increase of synchrotron Comptonization variability amplitude) during the hard to soft state transition. Detailed investigation of the evolution of timing characteristics during the transition is needed to trace the changes of parameters and to understand physical origin of these changes.
The model with two components only in the soft band experiences substantial problems explaining the observed timing characteristics for these observations. In this model, the hard band is produced by one component, hence its power spectrum reflects that of propagating fluctuations. The hard-band power peaks at frequencies ∼10 Hz, while the soft-band power has a peak at lower frequencies. The enhanced power at low frequencies can be explained by the artificial removal of power at higher frequencies (due to interference), and the absence of significant bumps at higher frequencies can be explained by the relatively low filtering frequency (∼4-5 Hz). However, such low filtering frequency is inconsistent with presence of significant phase lags at frequencies up to ∼20 Hz. Thus, we conclude that the simpler model is not capable of reproducing the observed characteristics.
SUMMARY
We propose an analytical model for joint timing characteristics of the light curves containing two spectral components. Presence of two components in the light curves cause interference picture in their power and cross-spectra and oscillatory behaviour of the phase/time lags. We deduce simple analytical formulae to account for the coupling terms between the components. In this model, the maximum value of the phase lag depends on the relative contribution of the components, but not on the delay between them. However, the Fourier frequencies at which the peaks of the phase lags are reached, do depend on the delay. The interference redistributes power between Fourier frequencies and, depending on the relative contribution of spectral components and their relative phase of variability, the power can be substantially reduced at low frequencies. This may cause the deviation from the linear rms-flux relation observed in the intermediate state.
The results can be used to study variability properties in two or more X-ray energy bands in accreting black holes and neutron stars, which is particularly promising in the light of the future high-time resolution X-ray missions, such as STROBE-X, but also can be applied to the light curves observed at longer wavelengths (UV, optical, infrared). Using the developed formalism, we reproduce the soft and hard X-ray band timing properties of two black hole X-ray binaries in the intermediate state, where the standard model of propagating fluctuations fails to predict the power spectral shape and large value of the phase lags between the bands.
We note that further complications for the power spectra and phase lags are expected in the case when the spectral changes cannot be described by simple spectral pivoting (changes of spectral index at constant normalisation) and/or changes in the overall normalisation, as well as if the variability amplitudes themselves depend on the mass accretion rate. These cases can be studied in the spectral-timing approach, when the light curves are produced from the direct modelling of spectral formation in the medium with changing parameters, which we plan to study in future works.
